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Development of a model for the Description of
Intra-diffusion in Homogeneous Liquid Lennard–Jones
Mixtures

TATIANA MERZLIAK* and ANDREAS PFENNIG

Lehrstuhl für Thermische Verfahrenstechnik, RWTH Aachen University, Wüllnerstraße 5, D-52062 Aachen, Germany

(Received May 2003; In final form February 2004)

A model for calculation of intra-diffusion coefficients of
homogeneous liquid 1-centre Lennard–Jones (LJ) mix-
tures is proposed. As starting point for deriving this
model we have chosen the model of Liu et al. [Chem. Eng.
Sci. 53, (1998), 2403–2422] suggested for calculation of the
self-diffusion coefficients of pure LJ model fluids. This
model was extended to liquid mixtures by introducing
suitable combining and mixing rules for description of
different characteristics of the mixture components. The
five parameters of the model were determined from data
obtained by molecular-dynamics (MD) simulations
performed in this work. To generate a database for
intra-diffusion coefficients the method of optimal
experiment design is employed. This method is applied
to plan simulations in such a way as to obtain optimal
estimates of the model parameters. The parameters
were determined based on the range of temperatures
90 < T < 350 K and mass densities 200 < rM < 2580 kg/m3

with the total average absolute deviation of 5.56%. The
suggested model was tested on the data available in
literature concerning intra-diffusivities of 1-centre LJ
liquid mixtures. The prediction accuracy of 42 data
points is 13.08%. Further work will be directed at further
optimisation of model structure and model parameters.

Keywords: Intra-diffusion; Homogeneous liquid mixture; Lennard–
Jones mixture; Molecular-dynamics

INTRODUCTION

From an engineering point of view studying
diffusion processes in liquid mixtures is an import-
ant task, since mass transfer plays a key role in
thermal separation processes. Today available com-
puter power allows supplementing real-world
experiments by their computer analogue with

the help of Monte-Carlo techniques or molecular-
dynamics (MD) simulations to gain detailed insight
into a wide variety of phenomena. Here we apply
MD to investigate the principal influence of a wide
variety of molecular parameters and system con-
ditions on diffusion processes.

Several authors have already studied diffusion in
pure liquids by MD for different intermolecular-
potential functions, reaching from hard spheres (HS)
to Lennard–Jones (LJ) particles which may be
regarded as resembling simple real substances that
are already relatively accurate. This data pool allows
determining model equations for diffusion coeffi-
cients, depending on the properties of the particle-
interaction potential and the properties of the
system. Results of such model development is
discussed in detail in Refs. [1–3]. Thus, a good
basis has been worked out for the subsequent
development of more general models which
appeared in literature relatively recently. For
example, self-diffusion models for LJ liquids have
been derived [3–7]. Such models designed for self-
diffusion coefficients of pure LJ liquids allow
predictions with an accuracy comparable to a
physical experiment [3–5,7].

The diffusive motion of each component in
homogeneous liquid mixtures—intra-diffusion—
has been investigated by computer experiment to a
far lesser extent. There are some papers reporting
intra-diffusion coefficients obtained from MD simu-
lations for the LJ mixtures [8–13]. The number of
publications in which models for the description of
intra-diffusion coefficients are developed is also
limited [8,9,14–16].
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The goal of this work is to carry out further
research on the diffusive mobility of the components
in homogeneous liquid mixtures in dependence on
temperature, concentration and individual charac-
teristics of the particles. Based on these results an
adequate model is to be developed for the descrip-
tion of intra-diffusion coefficients. To this end an
extended database for intra-diffusion coefficients is
established on the basis of the MD simulations which
easily allows fitting of model parameters. The
present work is focussed on mixtures of single-
centre LJ particles.

As a starting point for the development of the
model, the approach of Liu et al. [3] was chosen
which describes self-diffusion coefficients in dense
pure LJ liquids. This model appears to be highly
attractive because of two reasons. Firstly, the
different expressions have a physical interpretation
and secondly, the number of adjusted numerical
parameters is roughly half of that of models which
show comparable accuracy in the description of data
[5,7]. Also, the model of Liu et al. has been tested on a
large amount of data for pure substances.

MODEL

We begin with the model of Liu et al. [3] for the self-
diffusion coefficient of pure LJ systems:

D0;LJ ¼
3

8

1

rs 2
eff

kT

pm

� �1=2

exp 2
gr*

rs 2 r*

� �
exp 2

aLJ

T *

� �
ð1Þ

with

seff ¼ 21=6sLJ 1 þ
T *

T*
0

 !1=2
2
4

3
5
21=6

; ð2Þ

T * ¼ kT=1LJ; ð3Þ

r* ¼ rs 3
LJ; ð4Þ

and
g ¼ 0:75; ð5Þ

rs ¼ 1:2588; ð6Þ

aLJ ¼ 0:27862; ð7Þ

T*
0 ¼ 0:72197 for 0:30 , r* , 1:05

and 0:74 , T * , 5:10:

ð8Þ

Here, r is the number density, k the Boltzmann
constant, m the mass of the molecule, T the
temperature and r* the reduced density. g, rs, aLJ

and T*
0 are numerical coefficients. Their values,

except that of g, were fitted to self-diffusion
coefficients from MD simulations available in
the literature for various model liquids, namely

hard spheres HS, Weeks – Chandler – Anderson
particles (WCA) and LJ molecules. sLJ and 1LJ are
the molecular parameters of LJ particles. They are
also the adjustable model parameters if Eqs. (1)–(8)
are used for describing the self-diffusion coefficients
in real liquid mixtures. The leading expression of Eq.
(1) stems from the kinetic theory of dilute gases, the
first exponential accounts for the molecular volume
and was fitted to HS results while the second
exponential accounts for energetic interactions and
was adjusted for pure WCA and LJ fluids.

The model of Liu et al. was originally developed
for pure liquid LJ systems. Here it is to be extended
to LJ mixtures by introducing suitable combining
and mixing rules which account for the different
relation of particle size and mixture density, which
depends on system conditions and the molecular
parameters in the mixture. They not only describe
the effective particle size and the particle–particle
interaction energies, but also the effective densities,
the effective reduced temperatures and the inverse
masses for each component of the mixture. The
proposed equations for the intra-diffusion coeffi-
cients are as follows:

Di;LJ ¼
3

8

1

rs
ð2Þ
mix;i

kT

pmeff;i

� �1=2

exp 2
u4r

*
eff;i

u2 2 r*
eff;i

0
B@

1
CA

£ exp 2
u3

T*
mix;i

0
@

1
A ð9Þ

with

r*
eff;i ¼ rs

ðaÞ
mix;is

ðbÞ
mix; ð10Þ

s
ðaÞ
mix;i ¼

XN

j¼1

xjs
ð32u1Þ
eff;j;i ; ð11Þ

s
ðbÞ
mix ¼

XN

i¼1

XN

j¼1

xixjs
u1

eff;j;i; ð12Þ

s
ð2Þ
mix;i ¼

XN

j¼1

xjs
2
eff;j;i; ð13Þ

seff;i;j ¼ 21=6sLJ;i;j 1 þ
t*eff;i;j

u5

 !1=22
4

3
5
21=6

; ð14Þ

t*eff;i;j ¼
kT

1LJ;i;j
; ð15Þ

T*
mix;i ¼

XN

j¼1

xjt
*
eff;j;i; ð16Þ

m
21=2
eff;i ¼

1

2

XN

j¼1

xj m
21=2
i þ m

21=2
j

� �
: ð17Þ
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Here, u1, u2, u3, u4, u5 are the model parameters,
which are independent of the particular mixture
being studied. Indices i and j number the com-
ponents of mixture i,j ¼ 1,. . .,N, mi is the particle
mass, sLJ,i,i and 1LJ,i,i are the LJ parameters of the
pure components, sLJ,i,j and 1LJ,i,j are the cross LJ
parameters in the mixture, xi is the mole fraction,
r the number density of the mixture, r*

eff;i t*eff;i;j; meff;i

are the reduced density, the reduced temperature
and the effective mass corresponding to each
component or interaction between the particles in
the mixture, respectively.

The suggested equations describe the dependence
of the intra-diffusion coefficients on composition,
temperature and density of the mixture. In the
limiting case of xi ! 1, Eqs. (9)–(17) reduce to the
expressions of Liu et al. for the self-diffusion
coefficients of the corresponding pure components
i. Then the description of pure components are
consistently included in the model.

The different mixing and combining rules were
introduced in accordance with physical reasoning.
From kinetic gas theory the value s

ð2Þ
mix;i in Eq. (9)

represents an effective collision cross-section in the
process of the particle collisions. With the assump-
tion that the average collision frequency of a given
particle of type i with a j-particle is proportional to xj

and the corresponding collision cross-section
described by s2

eff;j;i Eq. (13) for calculation of s
ð2Þ
mix;i

results. Similarly, the m
21=2
i in models for diffusion

coefficients are a measure for the velocity with which
two molecules of type i are approaching each other.
Thus for the mixture, the corresponding measure for
the relative velocity of molecules of different types is
ðm

21=2
i þ m

21=2
j Þ=2: If it is again assumed that the

collision frequencies are proportional to xj Eq. (17)
results for the effective mass. Based on similar
arguments the average energy of interaction of
component i is characterised by T*

mix;i determined
with Eq. (16).

In a mixture of components significantly differing
in size, the smaller molecules will require smaller
voids for a diffusive move as compared to the larger
molecules. Thus, in a system with an equilibrated
void-size distribution the smaller molecules have a
larger apparent free volume for diffusion. This
difference in molecular mobility is accounted for by
the effective densities r*

eff;i for each mixture com-
ponent. Different approaches for describing this
effect may be possible. We have chosen to use a
quadratic mixing rule for su1

eff;j;i; where u1 is a
parameter with a value between 0 and 3. If u1 is close
to 2, sðbÞ

mix can be regarded as an average measure for
the free area of passages between molecules and
s
ðaÞ
mix;i represents the average collision diameter of

particles of type i. Both contributions are combined
to yield the dimensionless value of r*

eff;i:

The thermodynamic parameters of the mixture
together with the particle masses and the
LJ-potential parameters are the independent vari-
ables �wl ¼ �wlðm

l
1;s

l
1;1; 1

l
1;1;ml

2;s
l
2;2; 1

l
2;2;s

l
1;2; 1

l
1;2; r

l;
T l; xl

iÞ of the model function given by Eq. (9).
Here, l ¼ 1; 2; . . .;M; where M is the number of the
MD simulation data points for the diffusion
coefficients. The parameter set �Q ¼ ðu1; u2; u3; u4; u5Þ

of the model function was determined from
MD simulation data for self- and intra-diffusion
coefficients obtained in this work as described in
the following section.

THE DATABASE

To determine the model parameters �Q it is necessary
to have self- and intra-diffusion coefficients calcu-
lated for various sets of the independent variables �w:
Thus, MD simulations were performed in order to
generate a sufficient database. Since such computer
simulations are very time consuming the number of
necessary simulations was reduced with the help of
optimal experimental design [17,18]. This method
ensures that the conditions for each computer
simulation are chosen such that the uncertainty in
the estimated parameters is minimised. The optimal
design procedure applied is described as follows.
First, a model function Di ¼ Dið �w; �QÞ for each
component i of the mixture is chosen together with
a first estimate of the parameters �Qn: Thus, some few
(n) simulations have to be performed to initialise the
procedure. According to the method of optimal
experimental design [17] the conditions for simu-
lation n þ 1 have then to be considered in the matrix
of sensitivity coefficients:

Fi¼

›Di

›u1

� �
�w1

›Di

›u2

� �
�w1

›Di

›u3

� �
�w1

... ›Di

›up

� �
�w1

›Di

›u1

� �
�w2

›Di

›u2

� �
�w2

›Di

›u3

� �
�w2

... ›Di

›up

� �
�w2

... ... ... ... ...

›Di

›u1

� �
�wn

›Di

›u2

� �
�wn

›Di

›u3

� �
�wn

... ›Di

›up

� �
�wn

›Di

›u1

� �
�wnþ1

›Di

›u2

� �
�wnþ1

›Di

›u3

� �
�wnþ1

... ›Di

›up

� �
�wnþ1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

ð18Þ

where p is the number of the model parameters and
the derivatives are calculated with the estimate �Qn

obtained from the results of the first n simulations.
As a first approximation it is further assumed that
from the MD simulations the diffusion coefficient is
determined with a mean-square deviation di which is
the same for all simulated data. The validity of this
approximation can be checked from the data given in
Table I. In future work the individual di determined
in each MD simulation will be included in the
evaluation. Then the information matrix Q for
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the step n þ 1 is defined as follows:

Q ¼
XN

i¼1

FT
i Fi=d

2
i : ð19Þ

Here, FT
i is the transposed Fi matrix for the

component i of the mixtures. The matrix elements of
Q are functions of the unknown set of independent
variables for the simulation n þ 1, �wnþ1; thus
Q ¼ Qð �wnþ1Þ: Then in order to obtain the optimal
values of the independent variables �wnþ1 some
measure of the information matrix has to be
maximized. We have chosen to apply the following
condition [17]:

det Q ¼
�wnþ1

max Qð �wnþ1Þj j: ð20Þ

To obtain the optimal set of independent variables
�wnþ1 requires to determine the maximum of the
determinant of the information matrix Q or the
minimum of the determinant of the covariance matrix
C ¼ Q21: Simultaneously, the minimum for a confi-
dence domain of the model parameter estimates �Q

with respect to the set of values �w1; . . .; �wn; �wnþ1 is
reached. Then the optimal �wnþ1 is determined and
new diffusion coefficients Di;nþ1 are calculated with a
MD simulation at �wnþ1 and supplied to the database.
Based on this larger database a new set of model
parameters �Qnþ1 is determined with a least-square
minimisation. With the new parameter set the cycle in
the procedure of optimal experimental design for step
n þ 1 is finished; the next step then proceeds
accordingly. There does not exist a strict criterion for
terminating this procedure.Apossiblecriterion could,
e.g. be that the confidence interval of the model
parameters �Q is decreased below a certain value.

To give an impression of the background of this
method an example of the optimal experimental
design for the binary mixture Ar þ CH4 is con-
sidered with the molecular parameters specified in
the first line of Table II together with Lorentz–
Berthelot mixing rules. This liquid system is
regarded at a realistic pressure which should lie
between 0 and 0.5 MPa at constant temperature of
110.5 K. Under these conditions only the composition
can be varied independently, thus the number of
independent variables reduced to unity. During
experimental design the mole fraction of Argon was
allowed to vary between 0.1 and 0.9. The density is
implicitly given by pressure, temperature and
composition. This mass density was here determined
from a correlation which was obtained from
corresponding MD simulations for the limited
pressure range specified:

rM ¼ 412:2ð^1:61Þ þ 689ð^2:8ÞxAr: ð21Þ

The procedure of experimental design is docu-
mented in Fig. 1 and Table I and explained in
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the following. To begin with three MD simulations
were performed at xAr ¼ 0:1; 0.3 and 0.5. From the
diffusion coefficients obtained by these simulations a
first estimate of model parameters ui;k (i ¼ 1; . . .; 4;
k ¼ 0 where k indicates the step of experimental
design procedure) is obtained with a least squares
minimisation (LMDIF from Ref. [19]). Here u5;0 was
fixed to the value given by Liu et al. [Eq. (8)], since this
parameter scales the temperature dependence which
was not evaluated in these first simulations. With
these parameters ui;0 the procedure of optimal
experimental design was started by evaluating the
determinant of the Q-matrix as a function of
composition as shown in Fig. 1. The maximum in
step k ¼ 0 was determined which is indicated by the
corresponding arrow in Fig. 1. Then the mixture at
this composition was simulated with MD and the
diffusion coefficients evaluated. These new data were
then included in the estimation of ui;1 with which the
experimental design then proceeds. Five steps of
optimal experimental design were performed as
shown in Fig. 1. The thermodynamic conditions of the
MD simulations together with the diffusion coeffi-
cients, the resulting parameter and their standard
deviations (dDi

and dui;k
) are given in Table I. Here the

determinant of the covariance matrix C as well as the
sums of squares (SSQ, defined below the Table I) are
included in the table. From Table I it can be seen that
the estimates of the parameters ui;k change signifi-
cantly in each step of the experimental design
procedure. Simultaneously, the confidence domain
of the estimates of the parameters is rapidly and
significantly reduced as can be seen from the
determinant of the C-matrix (det C) as well as the dui;k

:
It should be noted though that the procedure of

optimal experimental design was only set up parallel
to the first simulations for parameter estimation.

Thus, the large number of data points has been
simulated where the independent variables were
chosen based on physical reasoning, e.g. system-
atically varying major variables.

SIMULATION DETAILS

In this work the MD simulations were carried out in
an NVT ensemble for homogeneous LJ mixtures and
pure LJ liquids [20]. The equations of motion of the
particles are integrated with a predictor–corrector
method of order 5. The particles interacted with a
one-centre Lennard–Jones (6, 12) potential:

ui;jðrÞ ¼ 41i;j

si;j

r

� �12

2
si;j

r

� �6
� �

; ð22Þ

where r is the distance between two particles, 1i;j is
the energy parameter si;j is the diameter parameter
between particles of components i and j. In the case
of mixtures the LJ potential parameters for the cross
interaction were calculated mainly with the
Lorentz–Berthelot combining rules:

si;j ¼
si;i þ sj;j

2
; ð23Þ

1i;j ¼ ð1i;i1j;jÞ
1=2: ð24Þ

To include systems which are more realistic
4 systems (Table II) were chosen which deviate
from Eqs. (23) and (24). The interaction energies were
assumed to be pairwise additive. The simulations
were performed for 256 particles in a cubic box with
periodic boundary conditions. The time step was 3 £

10215 s in all simulations. 200,000 time steps were
used to arrive at thermodynamic equilibrium, and
between 300,000 and 1,200,000 time steps to evaluate
diffusion coefficients and thermodynamic properties
of the system. The self- and intra-diffusion coeffi-
cients were calculated by direct evaluation on the
mean square displacement of the particles:

Di ¼ t!1
lim

1

6t
k riðt0 þ tÞ2 riðt0Þð Þ2l: ð25Þ

Here ri is the position vector of particle i, t the time
interval of the observation, and t0 the initial time of
observation. In the simulations the evaluation of
Eq. (25) was performed simultaneously for various
values of t as shown in Fig. 2. The value of Di was
then determined from the corresponding plateau
value of each component.

The ranges of thermodynamic parameters of
systems simulated in this work are listed in Table II.
Figure 3 shows a distribution of the simulated states
within the range of the values of mass densities rM

and temperatures T. The diffusion coefficients were
determined for each thermodynamic state
and collected in the database (database 1), which

FIGURE 1 Dependence of the information matrix determinant on
the mole fraction of argon in the mixture Ar þ CH4 for some steps
of optimal experimental design.
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was used in this work for fitting of the model
parameters �Q: Figure 3 also contains points
corresponding to literature data for binary mixtures
[8–12]. These literature data from database 2 were
not used for determination of the model parameters,
but exclusively to test the suggested model.

RESULTS AND DISCUSSION

The parameter set �Q ¼ ðu1; . . .; u5Þ for Eqs. (9)–(17)
was found by least-squares minimisation. As a result
the following values were obtained:

u1 ¼ 2:159807;

u2 ¼ 1:156846;

u3 ¼ 0:414496;

u4 ¼ 0:610344;

u5 ¼ 0:564022:

ð26Þ

with an average absolute deviation (AAD) of 5.56%.
Comparison of the diffusion coefficients calculated
with our model to those obtained by MD simulation
is shown in Figs. 4 and 5. Here the pure-component
diffusion coefficients are included only in one of the
figures according to their component index which
was attributed arbitrarily to improve readability of
the figures. Of course the pure component values
could in principle be included in either figure. As can
be seen the proposed model describes the data points
of database 1 very well.

As seen in Fig. 5 there are only four points
indicated by the numbers 1–4, in which the
calculated values of the intra-diffusion coefficients
have perceptibly larger deviations from the MD
values. These points are related to an equimolar

FIGURE 4 Comparison of self- and intra-diffusion coefficients of
component 1 calculated with Eqs. (9)–(17) with those in database 1.

FIGURE 5 Comparison of self- and intra-diffusion coefficients of
component 2 calculated with Eqs. (9)–(17) with those in database 1.

FIGURE 2 Evaluation of intra-diffusion coefficients with the
Eq. (25) in an equimolar liquid mixture of argon and methane.

FIGURE 3 Distribution of the simulated states within the range
of the values of mass density rM and temperature T for database 1
(DB-1) and the literature data in database 2 (DB-2).
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mixtures (Table II, line IX) in which s22 for some
simulations was chosen to be very small.

Equations (9)–(17) together with the coefficients in
Eq. (26) were employed for calculation of intra-
diffusion coefficients for database 2 corresponding to
literature data. The 21 binary mixtures evaluated are
listed in Table III. Only mixtures with extremely high
mass densities above 3000 kg/m3 as well as isotope
mixtures in which one of the component had an
unphysically high molecular mass compared to its
molecular size were excluded from consideration.
The deviations of the calculated intra-diffusion
coefficients for each of the two components from
the values taken from the literature are also listed in
Table III. The model suggested in the present work
describes these 42 data points with the total AAD of
13.08%, but as seen in Table III the model generally
predicts the diffusion coefficients of the first
component considerably better than that of the
second component. An analysis of the effective
reduced densities r�eff;i for the systems of database 2
showed that in several cases the values of r�eff;2 take
values which are extreme as compared to those for
the data of database 1 to which the model parameters
were fitted. For component 1 and r�eff;1 this is the case
in much fewer cases. Thus, the asymmetry in the
fitting quality does not correspond to any physical
reason but rather depicts the asymmetric choice of
molecular parameters in the literature. Also the
accuracy of the determination of the intra-diffusion
coefficients with MD simulation has to be con-
sidered. For example, the largest deviations occur for
the diffusion coefficients of Ne in mixtures Ar þ Ne
at a mole fraction of Ne x2 ¼ 0:03 (systems 6–8 in
Table III). This small content of Ne in the mixture
might influence the accuracy of the diffusion
coefficient which is unfortunately not reported in
Ref. [8].

Comparing the suggested model to an indepen-
dent data set for intra-diffusion coefficients taken
from the literature turned out to be very effective.
First of all, the results obtained for the first
component of the considered mixtures show that
the model gives physically correct results with quite
good accuracy of the intra-diffusion coefficient when
molecular properties and thermodynamic character-
istics of mixture components lie within the wide
range used for fitting of the model parameters. At the
same time an analysis of causes of a less precise
prediction of the intra-diffusion coefficients for the
second component permits us to define directions of
the following work with the goal to further develop
the model. The procedure of optimal experimental
design will be applied together with a suitable
equation of state to find the most sensible conditions
with respect to all independent variables for the MD
simulations.

CONCLUSION

In this work, a model for calculation of the intra-
diffusion coefficients in homogeneous liquid mix-
tures consisting of 1-centre LJ particles is proposed.
The five coefficients of the model were fitted to a
database 1 of intra-diffusion coefficients with an
average absolute deviation of 5.56%. The database 1
was obtained from MD simulations for the homo-
geneous liquid mixtures and pure substances over a
wide range of the mass densities 200 kg=m3 , rM ,

2580 kg=m3 and temperatures 90 K , T , 350 K:
The method of optimal experimental design with

respect to optimal determination of model para-
meters was considered and applied in planning the
computer experiments for selecting conditions of
MD simulations. The goal was to reduce the
computational effort to obtain a reliable database.

The model was then applied to calculate the intra-
diffusion coefficients for the 1-centre LJ mixtures for
which data points were found in the literature.
Comparison of the calculated intra-diffusion coeffi-
cients to the data available showed that the
suggested model is able to predict the diffusion
coefficients with an accuracy of 13.08%.
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